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Quantum Electrodynamics 


This is chapter 7 in Griffiths. 
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Quantum Electrodynamics 


In Chapter 6 we used ABC Toy theory to build Feynman calculus. 
Time to do a theory which corresponds to nature. Chapter 7 of Griffiths 
introduces QED, including the Feynman rules for the allowed vertices, 
etc. of QED. 

This is the easiest and best understood of the QFTs in the Standard 
Model. It is the basis for everything that came later. 

The first big difference from our toy model is that QED is a theory of 
spin-1/2 and spin-1 particles. 
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The Schrödinger Equation 


If we start with the classical energy-momentum relationship: 


p? B 
smtV=e 


and write the operators 


ñ 5 
Ier E ihi — 
porre n 


We get the Schródinger Equation 


h? o OW 
"om y + Vy = hx 
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The Klein-Gordon Equation 





The Schródinger equation starts from a momentum-energy condition 
which is relativistically incorrect. What happens if we instead start from 
E? — p?c? — m?c^ or from 

p'p, - m*c? = 0 


Now write momentum as an operator 


p, > tho, 
a ia a a a 
do = cr ?! = i age as 
Substituting 


The Klein-Gordon Equation 
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The Dirac Equation 





Unfortunately, the Klein-Gordon equation is second-order in time 
(leading to negative energy solutions and strange probability 
densities). Dirac wanted an equation which was first-order in time. So, 
how about we take 

pp, - m?c? = 0 
and factor it into two linear equations? OK, if we take the example of a 
particle at rest: p = 0 then 


(p9)? _ m^c? 0 
(p? - mc)(p? - mc) = 0 
= (p? — mc) = 0, or (p? + mc) = 0 


Either of these equations is linear in time and satisfies the relativistic 
energy-momentum relation. 
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The Dirac Equation 





Extending this factorization to moving particles is not so easy. Let’s 
write 


(p!p, — m?c?) = (B*p, + me) (ypa = mc) 


where f* and y^ are unknown coefficients. Expanding out the right 
side gives 


(pp, — m*c?) = f*y^ p.p, — mc(B* — y*)p. — m^c* 


There are no linear px terms on the left, so we need p* = y*. Now, for 
left to equal right we need 


p" Pu = yy" Ppa 
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The Dirac Eguation 


pp, = y*y^ Pepa 
In other words: 
(p°)? - (p')? - (P-P = (y°)?(p°)? 
+(y')?(p')? + (v7)? (p? + 62Y (py 
(y?y! Kya) papi + (93? + ??)pope 
Q5? + y3y?)pops + (y! y? + Y?y pipa 
(Vy? + y3y')pips + (7? + y3y?)pops 



































We have a problem. How can we make the LHS equal the RHS with all 
those nasty cross-terms? This cannot be solved if the y’s are complex 
numbers but it is possible if they are matrices! 
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The Dirac Equation 


We need 


Gy eto Sa) Sa Gy eed 
yy vr yr eO gov 


This is usually written as 


D^, y^) = y" y" + y" y" = 2g" 


o. [1 0 po 0 c 
yo—d0 -17 Y Z|- 0 


where o! are the Pauli matrices. So, our Dirac matrices look like 2x2 
when they are 4x4. 


The y matrixes are 
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Aside - Pauli Matrices 


Remember the Pauli Matrices? 


0 1 0 <i 1 0 
lo) (To) ef 4) 
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Dirac Eguation 


What we were trying to do is we wanted to factorize: 
(pp, — m?c*) = (y*p. + mc)(y^p; - mc) = 0 
So, let’s choose one of these two linear equations 
y"p, - mc = 0 
and give it a name 
The Dirac Equation 
ity" dy — mci = 0 


(ihy"Oy — mc)y = 0 
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Slash Notation 





A common notation (though not in Griffiths at this stage) is Feynman 
slash notation 


y'qu =4 
Dirac Eguation in natural units and slash notation | get 
p-m = 0 
(id-—m)p = 0 
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We should note that y is now a 4-component Dirac spinor 


Yi 

_ |e 
p= js 
V4 


This is a column matrix, is not a 4-vector. We will discuss its Lorentz 
properties later. 
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Solutions to the Dirac Eguation 


Now that we have a Dirac eguation, we need to find some solutions to 
it. Start by looking at solutions which are independent of position: 


9 3 _ ay _y 


Ox oy oz 


This means that p = 0 and the Dirac equation now has only the zeroth 
component: 
ih ow 


We will split the spinor into 2-component pieces: 
[VA _ [Vi _ [V3 
i-e) = e) ve =O 
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Solutions to the Dirac Equation 


So, let’s write our Dirac equation as 


6 S)-- Ge) 
0 -1 ove ñ Ws 


In other words, we have 2 equations 


2 2 
a pa pe 
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Solutions to the Dirac Eguation 


We have solutions of the form 
c 2 f 2 
palt) =e i(mc fft s (0), Va(t) — eti(me It s(Q) 


The Schródinger equation has time-dependent solutions like: 


e FUR 


This implies that we have y4 as a solution with energy mc? while Ug is 
a solution with energy —mc?. More negative energy solutions! 
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Solutions to the Dirac Eguation 





ə Dirac suggested that all possible negative states were already 
filled by a “Dirac sea" of particles. The Pauli exclusion principle 
would then leave only positive energy states available. 

ə The excitation of a sea electron would leave a hole which would 
behave like a positive energy particle with positive charge. 
Eventually Dirac predicted the existence of the positron. 

9 Experimentalists had been seeing evidence of the positron for 
quite a while but had dismissed it as "unphysical". It was 
discovered very quickly after Dirac's prediction. 

9 yya describes electrons and yg describes positrons. Each is a 
2-component spinor. 
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Solutions to the Dirac Eguation 


We have solutions for eleciron spin-up, spin-down and positron spin-up 
and spin-down: 


pt) = e (mc? Imt pe) = e (ment 


yG = e^ (mc Int 


0 
1 
0 
0 
0 
(4) _ ,+i(me2/nyt | O 
, Y =e 0 
1 


4 
0 
0 
0 
0 
0 
1 

0 
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Plane-Wave Solutions to the Dirac Equation 


So far we have only considered position-independent solutions to the 
Dirac equation. Now we should also consider plane-wave solutions: 


p(x) = ae /*P u(p) 
If we substitute this into the Dirac equation we get 
(ypu - mc)u =0 


(the “momentum space Dirac equation”). Now, let’s write this out in 
matrix notation: 


u EEE e A E 0| [0 Oo 
yY Pu =y P Yop = 0 -1 p 


C -o 0 
|| [Elec -p-o 
|») \p-o -—Ejc 
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Plane-Wave Solutions to the Dirac Equation 


So, we can write: 
E — mc -p-o Ju 
Bamme = | p 'g | (-5 — e) p 
(5 - mc) ua —p-cug 


> i -TUA -(5 + mc) 4) 


Remember that each row here should equal zero to satisfy the Dirac 
equation. 
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Plane-Wave Solutions to the Dirac Equation 


We can satisfy the Dirac equation by having 


C 


ua = —- 
^ E-mc 


(p - c)ug, ug = (p : c)UuA 


NC A 
E + mc? 
Substituting one into the other: 


C? 


UA = gr gaga Po) UA 


We can show that (p - a)? = p? - 1 so 


p2c? 


Ua = E2 ed 


UA 


or 
E? — m?c^ = p?c? 
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Plane-Wave Solutions to the Dirac Equation 





So, the Dirac equation enforces the relativistic energy-momentum 
relationship. This gives us two solutions: 


E = x 4m?c^ + p?c? 


one for particles and one for antiparticles. The particles are 
0 





1 
4 
u) =N c(pz) |, uP? =N c(px—ipy) 
E--mc? E+mc? 
c(px-Fipy) c(-pz) 
E-- mc? E--mc? 





with E = 4 m?c^ + p?c?, N= (EI mc?)/c 
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Plane-Wave Solutions to the Dirac Equation 





The antiparticles are 


c(px-ipy) c(pz) 
E--mc? E--mc? 
c(-pz) T C(Px+ipy) 
, V2) = N| Erm 











vO) = N| Erme 
1 


0 


with E = 4 m?c^ + p?c?. 
While the particle solutions satisfy the Dirac equation of the form 
(p, - mc)u = 0 


the antiparticle solutions obey 
("py + mc)v — 0 
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Spins of the Plane-Wave Solutions 





If you recall, in chapter 4 we wrote down 2-spinors to describe spin-up 
and spin down and then wrote the spin as 


S- je 


where c are the Pauli matrices. Now generalize this to 


h o 0 
s-inz-(i c) 


If (and only if) we orient the z axis along the direction of motion will the 


plane-wave solutions be eigenstates of Sz. ul), v(? are spin-up and 
u(2,, v(?) are spin-down. 
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Transformation Properties of Spinors 


Now the notation will get maximally confusing. Spinors are not 
4-vectors, so how do they transform? The rule for a system moving 
with speed v in the x direction is: 


yy = Sy 
where S is not spin but rather a 4x4 matrix 
= ay a_o{ 
m ES ay | 
with 


a. = + 50 #1) 
1 


JOVE 
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Making a Scalar with Spinors 





You might expect that an easy way to make a scalar out of a spinor is 


V1 
V = GAS) 2 | = WP + Ipa + Wal a 
Ya 
but that doesn’t work (it does not transform like a scalar) 
(pip) > (SY) (SU) 
> y(S'Sy 
and you can show that S'S # 1 
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The Adjoint Spinor 


Note that to make an invariant out of a 4-vector we had to introduce a 
metric g^" which was not the unit matrix...it has some minus signs in it. 
We now introduce the adjoint spinor 


pe yy? = CHA +y- Vs - V1) 
Since the quantity 
sty°s = yo 
then ] 
Vv = yal? + lal? — lys? — yaf? 


is a Lorentz scalar. 
Since 


(Uy) = (y yy9y' = y S9Sy = yyy = by 
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The Legend of y’ 


Define an additional y matrix by 
0 1 
y? = ipyly?y? = | J 


Some interesting properties: (y)? = 1 and y? anticommutes with any 
other y 


{yt y5} = 0 S yy? = yayi 
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A y? Scalar and Parity 


We have succeeded in defining one Lorentz scalar so far: pw, can we 
also make one with y°? Well Sty°y°S = y?y? so Wy*y is also a 
Lorentz scalar. Is there a difference between ww and vy??? What 
happens under parity? Parity applied to y gives: 


Py =p 
So, we see: 
yy => (Pyyy9*(Py) yy > (Pyyy9y*(Py) 
> poy > Wty yyy 
> py yp > PO yp 
> > -pPp 


bw is a scalar and yy?y is a pseudoscalar. 
y 
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Bilinear Covariants 





There are 16 possible ways to make a product of the form yj. These 
can be added together in various linear combinations and these can 
be grouped into bilinear covariants 


























yy scalar 1 component 
py pseudoscalar 1 component 
yy" vector 4 components 
ypy'y?y pseudovector 4 components 
ypo” | antisymmetric tensor | 6 components 








where ; ; 
I I 

W = (yy Lyr yH) = -yEy 

WS or SW] 
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Why is this Useful? 


e We have a simple basis set {1, 79, y”, y^ 5, o" for any 4x4 matrix. 
We can always simplify any other combination of y matrices. 


e The tensorial and parity characteristics of each bilinear is evident. 
So later, when we can see the QED interaction Lagrangian 


-eA py" 


we'll know that it leads to a parity-conservation in the EM 
interaction mediated by a vector (i.e. spin-1) boson. 


@ To describe the parity-violating weak interaction we mix vector 
(Wy!) and axial (iyy^'y5w) interactions. 
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The Photon 


e Maxwell’s equation 
0, F"" = DA” — 0" (0, A") = 40 J” 
where O = 0,0", A" = (¢, A) and J” = (p, J) 


e (¢, A) are not uniquely determined and so we are allowed to 
make a gauge transformation A" — A^ + 04x 


e We can demand the Lorentz condition 0, A" = 0 
e The Lorentz condition simplifies the Maxwell equations to 


OAF = 47 J" 
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Another constraint 





e Even with the Lorentz condition, we can make further gauge 
transformations of the form A" — A^" + 0" without 
disturbing DAH = 47J* so long as OÀ = 0. 


e As a result, we can impose an additional constraint. 
We typically choose to set A? — 0 and thereby work in the 
Coulomb gauge: 
V.A-0 


Jyothsna (CHEP) Nuclear & Particle Physics Course October 2018 Lectures 391 / 431 


Free Photons 


e For a photon in free space (J^ = 0), the potential is given by 
DAH = 0. 


e The plane-wave solution is 
A" (z) = ae?’ e (p) 
where e" is the polarization vector and p,p” = 0. 


e Although c" has 4 components, not all are independent. The 
Lorentz condition requires that p^e,, = 0 Furthermore, the 
Coulomb gauge implies that &? = 0 and e: p = 0 


e Since cis perpendicular to p, the photon is transversely polarized 
and there are only 2 independent polarization states. 
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The Feynman Rules for QED 


Finally, what we've all been waiting for: the Feynman rules for QED! 
The rules are going to be very similar to, but not identical to,the toy 
model. We will spend quite a bit of time on examples/applications of 
these rules in the next lectures. 
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Summary of Results - Electrons and Positrons 





























Electron Positron 
Wave Fn. | y(x) = ae-U/'Pxu(S) (p) | y(x) = ael/P*y(s)(p) 
Dirac Eq. (y"p" — mc)u = 0 (y"p" + mc)v =0 
Adjoints Uu» v -— viy 
ü(y"p, — mc) = 0 v(y"p, + mc) — 0 
Orthogonal uu?) = 0 vy) = 0 
Normalized uu = 2mc Vv = -2mc 
Completeness Es-1,2 UNUS = Yasa VV) = 
(y p, + mc) (yp, - mc) 
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Summary of Results - Photons 
































Photon 
Wave Fn. A¥(x) = ae WP 
Lorentz Condition e"p, = 0 
Othogonal € iEn) =0 
Normalized ee, = 1 
Coulomb Gauge € =0,e-p=0 
Completeness | Yis—1,2(€(s))i(€(.))i = ôi — Pibj 
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The Feynman Rules for QED 


@ Draw the Feynman diagrams with the minimum number of vertices 


Q Label the momenta (pj, p2, etc.) but also add spin labels and 
add q's to the internal lines as in the toy model. 


Q External lines contribute: 





e in | e out | etin | e* out | yin y out 
= = * 
u u vU vU Eu €u 
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Feynman Rules 


@ Each vertex contributes a factor: 
igey" 
where ge is related to the charge of the positron or the fine 


structure constant ge = e V4n/ħc = N47 
Q Each internal line contributes a factor: 


i(y" q, + mc 
electrons and positrons Oem 





q? — m?c? 
-i 
photons > 
q 
@ Conservation of energy and momentum makes each vertex 


contribute 
(272)454(ky + ko + ks) 


particles coming in are positive and going out are negative 
(antiparticles are opposite). 
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Feynman Rules 


@ Integrate over internal momenta. For each internal momentum q 
write a factor 
d*q 
(21)* 





and integrate. 
Q Cancel the delta function. Erase the term that looks like 


(27)*6* (pi + po +--+ — Pn) 


Multiply by i, what remains is M 

Q Antisymmetrization: Include a minus sign between diagrams 
which differ only in the exchange of two incoming (or outgoing) 
electrons (or positrons) or of an incoming electron with an 
outgoing positron (or vice versa). 
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QED Catalogue 





Second-order processes 


Elastic 


Electron—muon scattering(e + > e+ u) 
(Mott scattering(M > m) => Rutherford scattering(v < c 


Electron-electron scattering(e” + e7 — e +e) 
(Moller scattering) 


Electron—positron scattering(e~ + et — e^ +e) 
(Bhabha scattering) 


Compton scattering(y + e7 — y +e) 


| 
| 
| 
| 


KKKA 


Inelastic 


[pair annihilation(e + e* — y +y) 


MK 
pe oe od 


[Pair production(y + y — e +e") 
Most important third-order process 


| => Anomalous magnetic moment of electron 


»- 
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Electron-Muon Scattering 


Se rs 






T yu 


We need to proceed "backwards" along the fermion lines and build-up 
an integral. 

Starting from ps line, vertex, pi line, photon propogator, p4 line, vertex, 
p» line and ó functions at each vertex. 


(21^ ji [i (ps laer) pa [0 59 (pa)(igey")U 9 (pa)] 





x ó^(pi = ps — q)ó^ (po + q — pa)d*q 
Integrating (with deltas) gives: 
2 
M = - 98 [ue (ps) u(9 (pi [0 99 (pa)y uu (pa)] 
(p1 — pa) 
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Electron-Electron Scattering 





The first diagram is just like the previous page. The second is the first 
with an exchange of p3 and p4, so we get a negative sign between 
them: 


2 

M = "i p EO ONO) 
2 

Je [a (4)y" u(][a(3)y«.u(2)] 


(pi — pa) 
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Electron-Positron Scattering 








Now dealing with antiparticles. Now we must remember vs instead of 
u's and that backwards is forwards. The first diagram gives 


= [uv 


(21^ f [U(3)(igey")u(1)] T [v(2)(igey”)v(4)] 


x ó*(pi — pa — q)ô*(p2 + q - pa)d*q 
Which gives the amplitude 





S U 
Mı = PES. [u(3)y"u(1 )][V(2)yuv(4)] 
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Electron-Positron Scattering 





The second diagram gives 


== lguv 





(21)* | [u(3)(igey")v(4)] 2 [v(2)(igey")u(1)] 


4 


x ó*(q — ps — pa) (p1 + p2 — q)d*q 


Which gives the amplitude 
2 


ge UBI v(4)](2)yuu(1)] 


M ud. c PM 
2 — (pi po) 
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Electron-Positron Scattering 








Do we add or subtract these amplitudes? Interchaging the incoming 
positron and outgoing electron in the second diagram: 


Subtract them. M = M4 — Mo 
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Compton Scattering 





OK, so this one has an electron internal line an 2 photon external lines. 
The first diagram yields 


(2ny* | enta [aaier EPP Ge utn) 


x e(3)'0^ (p, — ps — q)ó^ (po + q - pa)d*q 
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Compton Scattering 


Giving amplitudes 


_ 9e 
MS 7 (pipe mcl 


u(4)€(2)(p, — pa + mc)é(3)' u(1)] 


Me = Ga pa ogg A) (ps + Pe + meye(2)u(1) 


Then add 'em as the two diagrams do not differ by the interchange of 
fermions. 


Jyothsna (CHEP) Nuclear & Particle Physics Course October 2018 Lectures 406 / 481 


So, what do we do with M?? 


The Feynman Rules have served us well. Give me a diagram and I'll 
show you an M. This is not the end of the story though. It is all 
well-and-good to say that we can derive some ugly expression for M 
and can then square it and plug into a cross section formula, but how 
do you actually do it? Remember that our expressions for M are filled 
with spinors. | guess we need to specify the spin-states of the incoming 
and outgoing particles and get one M for each combination!!! 


Sometimes this is exactly what you want to do. For example, you may 
wish to do an experiment with polarized beams and/or targets. 


However, most of the time we want to average over initial spin 
configurations and sum over final spin configurations. 


(Ml) = average over initial, sum over final spins | 
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Casimir's Trick and Trace Theorems 


To calculate (|M(|?) you could first calculate the amplitudes of each 
configuration and then combine....or use some tricks to do it all at 
once. Consider the electron-muon scattering process we saw earlier: 


4 
IMP = RESI u(1)][u(4)y,.u(2)][u(3)y " u(1)] [u(4)y,u(2)]" 


This (and other) element shows that we will be doing lots of algebra 
with quantities of the form 


G = [u(a)F 4u(b)][u(a)F 2u(b)] 


So, let's develop some simplifying tricks for these. 
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Casimir's Trick and Trace Theorems 





Let's look at the conjugate (use definition of u and change order when 
conjugating): 


[u(a)reu(b)] = [u(a)*y°T2u(b)]* = u(b)'T2y?*u(a) 


Now, we can insert pairs of y°’s since (9)? = 1 and we know that 
yot — y? so 


[u(a)f2u(b)] = [u(b)'^y"r2*u(a) 
= ü(b)lau(a) 


where [5 = y?r13,9. Thus 


G = [u(a)rqu(b)][ü(b)T 2u(a)] 
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Casimir’ Trick and Trace Theorems 





The completeness relation says: 
ps u? Uu? = (p; + mic) 


So, we can sum over the spins of particle "b" in G 


G = [u(a)riu(b)][ü(b)r 2u(a)] 
and get 


OQ 
|| 


uar] X u'S®) (pp)u | [aula) 


Sp=1,2 
= U(a)Fi(py + mpe)Tzula) 
= u(a)Qu(a) 


b spins 


where Q = l'4(py + mpc)? 
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Casimir's Trick and Trace Theorems 





Now do the same summation for particle “a” 
2, 2, G= }, a (payaul*(pa) 
a spins b spins Sa=1,2 


Writing out the matrix multiplication m 


4 
). ) G'S) (pa) Qju'S*) (pa); = Y c 2 u(92 (pau (92 (pa } 


$4—1,2 ij=1 ij= Sa=1, 2 ji 
4 
=>) Qi(p. + mac); 
ij-1 
4 


) /Q(p, + mac) 
i=1 


= Tr(Q(p, + mac)) 
where "Ir denotes the trace of the matrix 
ich is the sum of the diagonal elemen 
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Casimir’s Trick 


Casimir’s Trick 





^ (G(a)rsu(b)][G(a)reu(b) = T(P, + moc)F2(pa + mac) 


all spins 


Notice that there are “NO SPINORS LEFT!!”- once we do summation 
over spins, all that remains is to multiply matrices and take the trace. 


If either u is replaced by a v, the corresponding mass on the right-hand 
side switches sign. 
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Trace Theorems 


So, using Casimir's trick we reduce everything to the manipulation of 
ys and the calculation of traces. Let's collect some useful trace 
theorems and other handy relations. 

@ Tr(A +B) = Tr(A) + Tr(B) 

@ Tr(aA) =aTr(A) 

Q Tr(AB) = Tr(BA) 

Q dwa!” =4 

Q yty” +y"yt =2g!" 

5’ 46+ ba =2a-b 

Q y," =4 
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Trace Theorems 


@ y,y" y" = -2y" 

7 yudy" = —24 

Q yyy" = 4g" 

8’ yuáby" = 4a-b 

Q yy yy! = -2yoy^y" 
9' y, ábéy" = -2¢ba 


@ The trace of a product of an odd number of ys is zero 
Q T (1)-4 

Q Tr(y^y") = 4g" 

12’ TAH) — 4a. b 

Q TEY yy) = 4(g"g"* - gig” + gig’) 

13’ Tr(ábéd) 2 4(a-bc-d-a-cb-d+a-db-c) 
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Trace Theorems 


Note that y? is the product of an even number of y? so multiplying by 
an odd number of ys the trace is zero. 


@ TU) = 
© Ty i p =0 
15’ Tr(y°ab) = 
Q T(yyty'y"y 25s 4jcimo 
16' Tr(y5ábéd) = 4ie"?^"a,b,c,d, 
with 
—1 if uvÀo is an even permutation of 0123 


+1 if uvAo is an odd permutation of 0123 
0 if any 2 indices are identical 


e^o = 
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Example: Electron-Muon Scattering 


Let’s try a simple trace example: electron-muon scattering: 
Tr[y" (p, + mc)y" (ps + mc] 
This gives 4 terms 
Tr[y" py" pa + y" mcy" mc + y^ mcy"ps + y"p,y' mc] 


The last two terms are the product of an odd number of gammas and 
So are zero. Then 


Tr(y" py" pa) + mc? Tr(y"") 
A(p! p5 + psp} — (P1 ` pa)g^") + 4mPc? gt” 
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Another Example: Contract 2 Traces 





Let’s try (try it on your own): 


A Tr(y" py" pa) Tr(yu4yvpo) 
= A|pjp; + pip5 — (p: pa)g""] 
X4[P1 Pav + PivP2u — (P1 + P2) Iu] 
= 16[2p7p5 + 2(pi - P2)? + 4(pi - pa)? — 4(px - p2)°] 


= S2[mim; + (P1 - p2)"] 
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Electron-Muon Scattering 





Our first example application of the Feynman Rules for QED was 
electron-muon scattering: 


2 
M= OR A JD .u(2)] 


Let's evaluate the traces. 
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Electron-Muon Scattering 


96 y > 
M = "(p pa y" paa 
Ge j 
(Mf) = Hpi paji D^ UP + mc)y"(ps + mc)] 

x Tr[yu(po + Mc)y.(p, + Mc)] 

Ge , j v 
= Tipi p APPS + PSP + (mo? — pv - pa)g™)] 
x [A(DouDav + Pau» + (M? c? — p2 - pa)gu»)] 

4gs 
"EN. TE . 2(p4- f 

p (pi: p2)(ps : Pa) + 2(pi pa) (pe ` Ps) 


+  em^c* (po - pa) + 2M*c* (p. - ps) — A(p - ps)(pa ` pa) 
+ A(m?c* - pi - p3)(M^c? — p - pa)) 
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Electron-Muon Scattering 





8 4 
(MB) = = 


(pi paya P^ Pa) (Ps Pa) + (P1 : pa)(p2 : Po) 


-mfc* (pe - p4) - M*c*(pi - ps) + 2m°M*c4 
Remember the Mandelstam Variables? Let's write them down 
neglecting mass terms 
S = (pipa)? = (s + pa? = 2pi - pa = 2ps : pa 
t = (pi- pay? = (pa — pa? =~ -2pi- pa = -2pa ` pa 
u = (pi- pay? = (pa — ps)? = -2pa: ps = -2pi: pa 


So, we could write our amplitude (ignoring mass terms) using these: 


(Mb = 99 


(P. - paya Pt pa )(ps * P4) + (P1 : P4)(P2 > Ps)] 


8g; 1 
= Ga + uP) = 2g 


Jyothsna (CHEP) 
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Mott Scattering 





Another name for electron-muon scattering is "Mott scattering". 
Assume that 


M>m,E,p 
and that the muon recoil can be neglected. The differential cross 
section is: 


do h 
87Mc 


2 
c 2 
a= | (MP) 
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Mott Scattering 





The 4-momenta are then 


pi = (E/c, pı), p2 = (Mc,0), ps = (E/c, ps), pa = (Mc,0) 


And the momentum transfer is (calling |p| = |p1| = |psl) 


(0, p: — ps)? 
= -pi- P3 + 2p1- Ps 
= -2p*(1- cos0) 


(P1 — p3)” 


0 
= Ap WR 
p sin 2 
Let's also evaluate each product in the amplitude: 


(pi-pa)(ps:pa) = (pi: pa)(pa: pa) = (ME)* 
(P2: p4) = (Mc)? 
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Mott Scattering 


OK, let's plug those in 


(MP) 


ds ilis Pe)(Ps : Pa) + (p1 - pa)(pa - ps)] 


-mfc* (pe - p4) - M*c* (pi - pa) + 2m^ M?c* 
4 
= —% oye? - m*MPc* + 2(mMc?? 
2p^ sin“ 0/2 
«Mer ume + 2p? sin? 0/2)] 
geM 2 
= (er | (5 — p? sin 2072) 
p? sin? 0/2 
2 
gsMc Ji 2 
m?c? 0/2 
- (san sin x + p? cos? 0/2) 
89 x - (zz | [(mc)? + p? cos? 0/2] 
dQ m 0/2 
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Rutherford Scattering Limit 


In the non-relativistic limit we get Rutherford scattering 





2 
a zs n2 A [(mc) + p* cos 0/2] 
Now substitute 
m?c? + p? cos? 0/2 > mfc? 
p? — 2mE(E = kinetic) 
a  Quqo 


and we get 
B rem! 
dO  l2mv?sin? 0/2 
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Renormalization 


We have already discussed renormalization in a qualitative way 
(remember dielectric, vaccum polarization, bare mass, measured 
mass, running couplings). 


We cannot discuss it in detailed quantitative way in this course, but we 


can do something to get a better quantitative feel now that we know 
the QED Feynman rules. 
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Renormalization 








We have considered electron-muon scattering at lowest order 


Ec Bo 
q 
T$ PN 


with scattering amplitude 
: Ou oy 
M = -ge[u(3)y"u(1 ge ayy u(2)] 


with q = p: — ps. 
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Renormalization 


M = -gilü(3)y"u(! Ay u2) 


Of course, this is only leading order. What about our famous “vacuum 
polarization” diagram? 








: dik Tr[y,(K  mo)y,(g - K + mcj] 
M = diti) | (2x) ea es | 
x[U(4)y"u(2)] 
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Renormalization 


Effectively we have modified the propagator: 


guw  Qw | 
qq qu 
We are hiding a bunch of complexity with 


"e f dik Trhyu(k + mc)ys(g - K + mo) 
Mo Ye] Emi (kè = mec?) ((q— ky? = mêca) 








which is divergent as k — oo. 
Diagrams with closed loops are just a pain. 
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Renormalization 


We can reduce this integral to 


2 1 2 
NG) = = 7, xef z(1 -a2n( 2 E El ajan) 


by pure magic. The benefit of this magic is to isolate the divergence in 
the first term. To “handle” the divergence we introduce a mass cutoff 


M: 
[.5 dx T "dx M 
zn — 
m? m? 


The second (finite) integral is given the — f. So, we now have 
g2 M2 -q? 
(g = —* 4 In| — |- f| —— 
(a°) 127? | (5) [s 
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Renormalization 


OK, we finally substitute this expression for / back in and get the 
amplitude 


M = -ge[U(3)y"u(1) at - n Urs 7 (s) 
x[u(4)y"u(2)] 


Finally we renormalize. Let's introduce a new, effective, coupling 


constant 
g2 M2 
= ge4l1- In| — 
dn ed 1272 0( 


and we can write the amplitude in terms of it 











2 q? 
M = -92 [u(3)y" T | de zs l =) [u(4)y"u(2)] 
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Renormalization 


2 E 
M -gilü(3yy" uy u on | q jauen 








q? 1272 \m?c? 
Things to note: 

e There is no M in the equation, so infinities are gone. The cutoff 
scale does not even appear! The price we pay is to replace ge by 
gr; but it turns out that gr is what we measure anyway. 

9e There is still a finite correction term from the higher order 
diagrams which depends on g2. This can also be put into the 
coupling constant if you want but that makes the coupling "run" 





2 gr(0)? | -q? 
= 0)./4 f| —— 
gn(q ) gr( ) + 1272 m?c? 
This means that the effective charge of an electron varies 
depending on the momentum transferred in the collision - 
screening! At LEP a was not 1/137, rather it was 1/128! 
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